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Abstract 

In this paper, the almost sure global well-posedness of the cubic non linear wave equa- 
tion on the sphere is studied when the initial datum is a random variable with values in low 
regularity spaces. The domain is first the 3D sphere, thanks to the existence of a uniformly 
bounded in LP basis of L 2 (S 3 ) and then the result is extended to R 3 thanks to the Penrose 
transform. 
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1 Introduction 

The first aim of this paper is to extend the result by N. Burq and N. Tzvetkov on the torus to 
the sphere of dimension 3. In [2 ], N. Burq and N. Tzvetkov have proved the global well-posedness 
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of the cubic non linear equation when the initial datum is a randomization of some function in the 
product of Sobolev spaces //°"(T 3 ) x H CT ~ l (T 3 ), a > and T 3 the torus of dimension 3. 

The probabilistic estimates they use in order to prove their result are due to the fact that the LP 
norms of the canonical basis of L (T 3 ) : (e"") ne]N 3, are uniformly bounded, whether in n or in p. 

Here, a result of N. Burq of G. Lebeau is required to go on in the case of the sphere, as the 
basis of L 2 (S 3 ) have a priori no reason to be uniformly bounded in LP. In [1], they proved that 
there exists a basis of L 2 uniformly bounded in LP by C \{p and formed by eigen functions of the 
Laplace-Beltrami operator on the sphere. As one can see, the bound does depend on p, which 
proved to be an obstacle to extend the result of ll2l . 

Nevertheless, let us describe the above-mentionned randomization. Let {e n ^) n ,k be such a basis 
of L 2 (S 3 ), that is, such that for all n, k 

\\e n ,k\\LP ^Cyfp , 

and 

2 

- A5 3 e n,k - n e n ,k , 

let a n js, and b n> k be two sequences of real- valued i.i.d. on a probability space (0, 3\, P) and with 
large Gaussian deviation estimates, which means such that there exists c such that for all y, the 
following mean values satisfy : 

E(e ya "- k \E{e yKk )<e cyl , 
and finally, let A n ^ and p n ^ be two sequences of complex numbers such that 

£(1 + n 2 r\A n , k \ 2 < 00 and £(1 + nY'^kl 2 < 00 . 

n,k n,k 

Then the equation 

(dj. + 1 - A s s)u + \u\ 2 u = 
with initial datum the randomization of £ ^n,k e n,k'Yj^n,k e n,k defined as 

u\t=o - uq = V A„^a n ^e n ,k , 9tU\t=o = u\ = *^ j p n ,kbn,ke,i,k , 

n,k n,k 

is globally well-posed. 

The measure p induced by the couple (uq, u\) e L 2 (H, H a x H cr ~ { ) is very similar to the one 
introduced by the randomization in [3]]. 
To phrase it more precisely, 

Theorem 1.1. There exists a set E of full p-measure such that for all (vo,vO € E the Cauchy 
problem 

(d 2 + 1 - A S i)u + \u\ 2 u = 
u\t=o - vo <9r"|r=o - vi 

has a unique solution in U(T)(vq, vi) +C(R, H l (S 3 )) where U(T) is the flow of the linear equation 
d 2 +l-A S 3= 0. 
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Note that the wave operator d\ - A S 3 has been replaced here by d 2 T + 1 - A 5 3 for convenience 
wrt the second topic of this paper. However the proof for the cubic non linear wave equation would 
be analog to the one with this operator. 

What is more, if the A n ^ (resp. or the fi n ^) are supposed to be such that 

£(1 + n 2 ) s \A nM \ 2 = +00 (resp. or £(1 + ra 2 ) s ~Wl 2 = +°°) 

n,k n,k 

for all s > cr, and the a n ^ and b n ^ are complex Gaussians of law A/XO, 1), then the elements of E 
are almost surely in H a x Z/ "" 1 and almost surely not in H s x H s ~ l . 

As it appears, this result recalls one of [5] on the sphere but without the hypothesis of radial 
symmetry. 

The main idea behind the proof is that with large Gaussian deviation estimates, the solution of 
the linear equation U(T)(uq, u\) is made to belong almost surely to LP for all p > 1 which ensures 
local and then global well-posedness. Indeed, it is the gain on integrability on the initial data that 
helps to gain regularity on the non linear part (namely, the solution minus U(T)(uq,u\)) of the 
solution. 

A second issue raised on this paper is the properties of the Penrose transform of the solution. 
The Penrose transform sends solutions of (d 2 + 1 - A S 3)u + \u\ 2 u = on the sphere to solution 
of the cubic non linear wave equation on the Euclidian space R 3 . Indeed, the change of variable 
involved in this transform injects RxR 3 into [-/r, n] x 5 3 and satisfies nice properties wrt the 
d'Alembertian d 2 - A R 3. 

•n of (o T 

of the cubic NLW on R 3 is expected. 

Nevertheless, the use of the Penrose transform raises three problems : first, the space where 
the solution lives shall be described, then, so does the space where this solution is unique, and 
finally, the spaces to which the initial data belong or do not belong should be specified. 

Unfortunately, the third matter remains a wonder but the author believes that if the work on 
the sphere is done with cr = 0, that is with the initial data on the sphere in L 2 x H l , then the initial 

data on R 3 should be almost surely in L 2 x H 1 when multiplied by ((y^r ) , ((i^s) )> anc ^ 
almost surely not to H s x H , when s > 0. 
However, the following theorem holds. 

Theorem 1.2. There exists a measure v on X 2 (R 3 ) x "K^^R 3 ) with 
t 2 \ 1/2 / 2 \" 1/2 

H^ 2 = 11 (tt^J 8hl ' llg H«-w = 11 1 777 1 (i - Hi)- l g\\ L 2 



Hence, with a solution of (dj + 1 - A S 3)u + \u\ 2 u = on the sphere, the existence of a solution 



and 



1 + r 2 \ 2 „l+r 2 „ ,1+r 2 



and a set F of full v-measure such that for all (go, g\) € F, the Cauchy problem : 

(d 2 - A R 3)/ + |/| 2 / = 
f\t=Q - 80 d t f\t=o = gl 

has a unique global solution in L(t)(go,g\) + C(R, //'(R 3 )) where L(t) is the flow of the linear 
wave equation. 
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Moreover, the solution f satisfies scattering in the sense that for all ^e]-, 6], 

\\f(t) - L(t)( g(hgl )\\ Lq = o((\ + t 2 y l/6 ) 

when t — > ±00. 

The main idea of the proof is that for q > 4, the L q norm of the solution on R 3 is controlled by 
the L q norm of the solution on the sphere, which ensures regularity properties and then uniqueness 
of the solution. 

Plan of the paper The section 2 is dedicated to the proof of the global well-posedness of the 
equation on the sphere. The first two subsections, which are about local theory and global theory 
on H' 7 x H°~~ l with cr > 0, are very similar to 0. The third one, where the global well-posedness 
is dealt with the initial datum being almost surely in L 2 x H~ l presents divergences, in particular 
due to the fact that the bound on the L p norms of the chosen basis of L 2 depends on p. 

The third section is about the Penrose transform and how it acts on the norms of the solution 
and the norms of the initial data. The transform is presented, along with its trace on the initial 
data, and then what its trace turns the Laplace-Beltrami operator on the sphere to in order to study 
the Sobolev norms of the initial data on R 3 . 

The fourth one is about the uniqueness and scattering properties of the solution of the equation 
on R 3 . It focuses on the integrability of the solution (how a LP norm of the solution on the sphere is 
changed by the Penrose transform), then its regularity before stating the uniqueness and scattering 
results. 

Acknowledgments 

The author would like to thank Nicolas Burq for suggesting the problem. 

2 Almost sure existence of global solutions on the sphere 

This section deals with the global well-posedness for the cubic wave equation on the sphere with 
initial data taken asarandom variable on H s xH s ~ l , > 0. The solution has a linear part in C(R,//*) 
and a non linear part in C(R, H l ). 

2.1 Definition of the initial data and local theory 

Following the techniques of N. Burq and N. Tzvetkov in 0, the random initial datum shall be 
chosen such that when it is submitted to the linear flow of the wave equation, it has LP norms in 
time and space. 

The theorem 6 of the third section of fllj provides the existence of a hilbertian basis of L 2 (S 3 ) 
composed with spherical harmonics uniformly bounded in LP . Let us therefore name the different 
objects that shall be needed to define a suitable initial datum. 

First, let us recall that the eigenvalues of 1 - A S 3 are n 2 ,n > 1. 

Thanks to the result of N. Burq and G. Lebeau, denote by {e n ,k) n >i ,\<k<{n+\) 2 a Hilbertian basis 
of L 2 (S 3 ) uniformly bounded in LP . 
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Theorem 2.1 (Burq, Lebeau). There exists a Hilbertian basis (e„,fc)„,£ ofL 2 (S 3 ) such that : 

(1 - A S 3)e n>i = n 2 e l%k 

for all n > 1, 1 < k < (n + l) 2 , in + l) 2 fee/rcg f/ie dimension of the subspace of L 2 spanned by the 
spherical harmonics of degree n + 1, arcc? .rac/z ?/jatf ?/zere eo'sto a constant C such that for all n, k 

\\e n ,k\\u>(s 3 ) ^ c VP • 

As afore-mentioned, the main difference between this section of this paper and the one by 
by Burq and Tzvetkov [2] is that in their paper, the basis of L 2 is bounded uniformly in LP, but 
uniformly in terms of p too. This property allows them to ask for an almost sure L p bound (so to 
speak) on the initial datum and take p — > oo. The difference will appear and be detailed later. 

Let cr € [0, j[ and {u'^ k ) n ^ and (u"' k ) n ^ be two sequences of real numbers such that the series 

£ «*) 2 and JV^) ^ <) 2 

n>\ l</t<(n+l)2 n>\ \<k<(n+l) 2 

converge but at least one of the series 

2> £ (uffor^n- 1 2 tuff 

ri>\ \<k<(n+lf- n>\ l<k<(n+Y) 2 

diverge, that is to say 

Zn,k V n,k 

n,k n,k 



belongs to H a x H tT ~ 1 but is not in the critical space for the cubic NLW H l/2 x H~ l/2 . 

Let (X, Jl, P) be a probability space large enough such that two sequences (a n ^) and (b n k) of 
random variables can be taken satisfying that the a n ^ are independent from each other and from 
the b n ^, the b n> \ are independent from each other and that there exists a such that for all n, k and 
all y € R : 

E{e ya " k ),E{e yb "- k ) < e ayl 

where E is the mean value wrt the probability measure P, which ensures that the random variables 
have Gaussian-like large deviation estimates. 

Proposition 2.2. The sequences ofL 2 (X, //°"(»S 3 )) and L 2 (X, H CT ~ l (S 3 )) respectively 

N (n+l) 2 N (n+\f 

M o ~ 2 Xi u xt a n,k e n,k and "f "Z Z u"' k b nJc e nJ( 

n=\ k=\ n=l k=l 

converges. Let uq and u\ their limits. 

Proof. The proof consists in the fact that the mean values of a 2 , and b 2 , are uniformly bounded 
by 8a. It ensures that the sequences are Cauchy in their respective spaces and therefore that they 
converge. □ 
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Let U(T) be the flow of the linear equation (dj + 1 - A S 3)u = 0, that is 



U(T) 



Set 



M 



S M = 5° ,5* - lim S^andS =S N + S N . 



M~iCX> 



Set also FLy, N > the orthogonal projection on the subspace of L 2 spanned by {e n ^ \ n < N} 
with the convention ITo = 0. 

The initial data uq, u\ satisfy some properties regarding the spaces where they belong : 

Proposition 2.3. There exists C, c > such that for all A> : 



for all N > 0, all p > 1 and with 8 



1 > i 

P~ p p 



P(\\ 



1 + |7f 



-(i - n^f/^^o.Mi)!^^) > /i) < 



w/f/zc5 3 =2/3 > 1/3, 



^(11- 



1 



■U{T){u ,ui)\\ L 3 L 6 (s3) > A) < Ce 



-cA 2 /S 



i + in* 

for all M > 1 and with s = lifo~ = and s - otherwise 



P ^Y^ UMU{T){UQ,Ul)llL T^ S3 '> ^ A ^ Ce 



cA 2 /(M s S) 



Remark 2.1. This proposition differs from the analog one in the torus case where the first inequal- 
ity corresponded to : 



P(\\ 



1 



1 + |7f 



-(i - n^j/crxwcMOH^Rx^s) > A) < 



'Cyfp^S 



Proof. 

Lemma 2.4. There exists C such that for all q > 1 and all couple off sequences v n jc, w n ^ : 

II Z a nM v n,k + K,kW„,k\y x < C V<7 Q] \v n ,k\ 2 + \W„,k\ 2 ) ' ■ 

n,k 

The proof can be found in O 
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Lemma 2.5. There exists C such that for all r, p > 1, s > 0, M > N > and q > r,p, 

ll ^^ d - IW - AY' 2 U(T)(uM, uf )II 4 , L ,, LP(S 3 ) < C^^qM" ^JSm-Sn 

with s' = s- crifs>(T and s' = otherwise. 
Proof. Let 



M 1+n 2 

-A > ° " 



rif W = Z Z " 2 * ( ( "o ") 2 + " _2 ("f ) 2 ) K*(*)l 2 



«=W+1 /t=l 

Using the previous lemma and bounding the sines and cosines by 1 in 

(l-A)^ 2 U(T)(u^,uf), 

it appears that 

Hence, as q > r, p, and thanks to Minkowski inequality, one can reverse the order of the norms 



ly^Tpd - n w )(l - A)^ 2 [/(D(^, M f)|| L ,^^ (s3) 
llyT^a - n w )(l - A)*/ 2 t/(D(^, M f )|| L , >LP(5 3 );i| 

- C V5ll TT ^p77ll^ll^||^ 2 . 



The map 1+ ^ 2/r is in U and its norm is less than some constant which does not depend on r 

and 



M i+n 2 

ill 

n=N+\ k=l 



M l+n 2 

~ Cp Z Z " 2 ' V ( (M o" )2 + W " 2 K'") 2 ) ^ CpM v (S M - S N ) 



n=N+\ k=\ 

Therefore, 



1 + P\2,r V ~ n ^ )(1 - ^Y l2 U(T){uM, U M )hl ^ (s3) < CyfpyfqM*' y]S M -S N 
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To prove the first inequality of the proposition, take M — > oo, s = 0, and r - q - p in the 
previous lemma to get : 



1 1 + \ T \2lp (1 ~ U nW(T)(u , ^1)114,^,^(53) < CpVS" 



Then, 



P(\\ 



(cp^Y 



To prove the second, use the previous lemma with r-3, p-6, q>6, s-0, M^oo,N-0 
to get : 



For A > Vo" Vs Ce, choose 



to get 



and for small A use the fact that the probability is bounded by 1 which is less than e 6 e~ cA2/s to get 
for all A 



/XII- 



1 



+ |r|2/3 U( - T X U 0> M l)HL3 r ,L6(53) > ^) < 



-c! 2 /S 



For the third inequality with cr = 0, use the previous lemma with N = 0, r = \, s = \, 
p - 1 > 6, q > 7 to get 

||y-^^n M £/(r)(w ,Wl)|| L ,, ,zj,L°°(S 3 ) 

< ll7^2n M f/(r)( M o,Mi)ll L9 , L i, w i/2,7 ( 53) < cm 1/2 v^V^ < cm 1/2 v^V^ 

thanks in particular to the Sobolev embedding W 1/2 ' 7 — > L°° and then 
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i fcvP^VsT 

P{\\—-z^U M U{T){u , Ml )|| L i L „ (S3) > < 
1 + |7 | z ~ r 

and finally 



p(ll T -^nMf/(r)( Mo , M i)ll t i >t oo (S 3 ) > X) < ce' cA2 i {MS ^ . 

For the third inequality with cr > 0, use the previous lemma with N - 0, r - \, s - cr, p - ^, 



q > p to get 



I - ~ T 2 IlMU ^ T ^ U0 ' Ul ^Li,L l T ,L-'(S i ) 



< llY7^2n M f/(r)(M ,Mi)|| ts ^ jW ,i/2,7 (S 3 ) < c ^ yfs^ < c ^ ^fs , 

then 

and finally, with an appropriate choice for q, 

P(\\—^n M U(T)(u Q , Ul )\\ L i L ~ (53) > A) < Ce~ cA2/s . 
1 + \1 | z r v ' 

□ 

Thanks to previous proposition, it is known now that 1+| ^. |2/3 U(T)(uo, u\) belongs almost surely 

to L 3 , L 6 (S 3 ). Let us use this property in the local theory 

First, rewrite the equation on the sphere in a more convenient way. 



Lemma 2.6. The map u solves 

.11 4- C1 - All/ + M 3 - 

(1) 



<9|m + (1 - A)w + m 3 — 
M|r=o = vo 3tu\t=o - v\ 

if and only ifv = u - U(T)(vq, V\) solves, with g(T) = U(T)(vq, V\) : 

6%v + (1 - A)v + (g + v) 3 = 

— 3rV|7' = o — 

Proposition 2.7. 77iere exists C swc/i that for all A > 0, all Tq e R and a/Z g, vo, vi such that 

"TT^p* 11 ^') - A ' l|vo11 "' - A ' l|villi2 - A ' 



the equation 

( fPlv + n - a^v + o + iA 3 = n 

(3) 



d|v + (1 - A)v + (g + v) 3 = 
V|7-=r = vo drv\T=T - v i 

has a unique solution in C([7o -T\,Tq + T\], H l ) with T\ - min(l, CA 2^ +T 2^3 )• 
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Proof. Let 

C T sin((T - t) VI - A) / , v 

g ,vo, vi (v)(r) = 5(r - r )(vo,vi) - ' — - kg + vf(T))dT . 

The equation © can be rewritten as the fixed point problem <p g , Vo , vl (v) = v. The map 4>g,v ,vi 
satisfies : 

ll^.v,(v)(r)||fli <CA+ f ||fe + v) 3 || L 2 

lite + v) 3 ib - || £ + v|| 3 6 < C(||g|| 3 6 + ||v||J 6 ) < c(||g|£ e + ||v|| 3 ffl ) 

ll^vo.nWCmi^ < c|a + (1 + \T - T \ 2 + |r | 2 )||_l I7Jg || I 3 L6(S 3 ) + ^ IK^H^rfrj . 

Withre[r -r lf r + ri], 

H^.v.Mllz-^i < C((2 + Tl + Tf)A + \Ti\ \\v\\ L ~ iH i) . 
If 7j < min(l, c3A2( ^ +ro2) 3 and ||v|| L „ < CA(4 + r 2 ), then 

ll^,v,(v)||^, H i <C(4 + r ( 2)A 

so the ball of radius C(4 + 7 2 )A in C([T - T U T + Ti],H\S 3 )) is stable under <f> g , Vo>Vl . 
What is more, in this ball 

,vo,vi(v) - 0g,vo,vi(H , )llL~,// 1 

< Q\v - w\\ L ~ >Hl ((2 + rg)|| 1 + X r gll^m^-r^rjll^ + m\v\^^ + IMI^)) 

< C||v - wiii-^i (r; /3 (2 + r 2 )A 2 / 3 + r!A 2 (4 + r 2 ) 2 ) . 

Therefore with C large enough and T\ < 2 j 2 , the fixed point theorem applies which 
concludes the proof. □ 

Thanks to the local Cauchy theory, one can see that the solution of © can be extended for 
bigger times as long as the energy : 



S(T) = J v(l - A)v + J (d T v) 2 + X - f v 4 



is finite. 

To bound this quantity, different arguments are used depending on whether the initial data have 
been built with cr = or cr > 0. 
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2.2 Global solutions on the sphere : case 1 

Theorem 2.8. Suppose that cr > 0. There exists a set E a c H a X Z/ "" 1 such that the probability 

P((u ,u l )€E (r ) = l 

and that for all vq, v\ € E a , the Cauchy problem ([7]) with initial datum vo, Vi is globally well-posed 
in t/(T)(vo,vi) + C(R,H 1 ). 

Proof. The third inequality of the proposition 12.31 ensures that, when cr > 0, j^=%U(T)(uo, ui) 
belongs almost surely to Lj,L°°(S 3 ) and 1+ ^ 2/3 U(T)(uq, u\) belongs almost surely to Lj,L 6 (S 3 ). 
Therefore, take for E a the set of initial data which satisfy 

llY^2 f/ ( r XV0,V 1 )||^ >i „ (s3) < oo , 

ll 1+[r[ 2/3 t7(r)(Vo ' Vl)ll 4^ 6 (S 3 ) < °° ■ 
For vo, vi € So-, call g(T) = U{T){vq, v\) and let v be the local solution of 

d\v + (1 - A)v + (g + v) 3 = 

with initial datum 0, 0. 

According to the local Cauchy theory, the solution v exists as long as 



J (d T v) 2 + f v< 1 - Ad- 



is finite. 
Take 



v 4 



£ 2 (r) - J (cVv) 2 + J v(l - A)v + i J 
and differentiate this quantity wrt 7\ 

(d T S)S = Jd T vdjV + Jd T v(l-A)v + J d T vv 3 
= J (d T v)(v 3 -(g + v) 3 )) . 

Hence, 

Jr£ < llv 3 -(g + v) 3 \\ L 2 < C (\\g(T) 3 \\ L 2 + \\g 2 v(T)\\ L 2 + Hsv 2 || L2 ) 

\d T B < C(||^(r)|| 3 6 + ||g|| 2 6 ||v|| L 6 + ||g|| £ -||v|g 4 ) 

\dT6<c(\\g(T)\\ 3 L6 + \\g\\ 2 Lb S + \\g\\ L ~&) 
thanks to Sobolev embedding H l — > L 6 , and applying Gronwall lemma : 

6(T) <c£ ||g(r)|| 3 6 Jr/^ (ll?(T)ll ^ +lte(r)ILooWT < oo . 

Hence the result. 
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v 4 



2.3 Global solutions on the sphere : case 2 

Proposition 2.9. Let Tq > 0. There exists C(Tq) such that for all 8 > and p = |, supposing that 
g = U(T)(vq, vi) can fte written g = g\ + g2 with 

then the equation (O has a unique solution onto C([—Tq, Tq], H l ). The constant C depends on Tq 
but is independent of 9. 

Proof Call 

£(v) 2 = J v(l - A)v + J (d T vf + X - J 
If v is the local solution of ©, on its interval of definition, it comes : 

d T S(v)S(v) = J (d T v) (g 3 + 3g 2 v + 3( gl + g 2 )v 2 ) 

d T &(v) < \\g(T)\t + 3\\g(T)\\ 2 6 ||v|| L 6 + 3|| gl (r)|| L ~||v 2 || i2 + 3\\g 2 {T)\\ LI ,\\v 2 \\^ 

with lip' + \/p = 1/2. 
Then, 

||v|| L 6 < CIMIfli < C£ 
l|v 2 || L 2 = ||v|| 2 4 < C£ 



Thus, 



|v 2 |l L / - M 2 L v < (\\v\\ l - 4 6 \\v\f L6 ) 2 < C& l -%\\% < CS(v) l+6 



d T B(v) < \\g(T)\\ 3 L , + C U\\g(T)\\ 2 L , + \\gi(T)\\ L ~)S + \\g 2 (T)\\ LP S 1+e 



As £ is continuous and initially 0, suppose that until time T\ it is less than e p ^ = e 1 ^ 6 , then 
until time Ti , it appears that : 

d T S(v) < \\g(T)\\ 3 Lt +c{(\\g(T)\\ 2 L , + ||gi(T)llL-) + \\g2(T)\y)£ ■ 
Using Gronwall lemma, 

£(v) < C(l + T 2 )\\g\\ 3 r6 e l+T '~ 44 ! / ' l t* 



9 , C(l+r2)(||— ^g-glPj +|| 1 glH , +|| l^g 2 || p ) 



<c(i + r z )yi^ 

Choosing C(7o) = C(l + 7 2 ), by hypothesis : 
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£(v) < e p/9 < e p/6 . 

Suppose that the solution v is not well posed on [-To, To], then as £(v) controls the H l norm 
of v and the L 2 norm of djv, there exists a time T\ such that for all time T smaller than T\ , the 
energy £(v) is smaller than e p ^ 6 and a e such that for all T e\T\,T\ + e[, £(v) > e p ^ 6 . Then, thanks 
to the previous computation, until T\, the energy is strictly less than e p ^ and as is it continuous, 
there exists e' such that the energy remains smaller than e p ^ until T\ + e' with contradicts the 
hypothesis. 

Hence, the equation (|2]) has a unique solution in C([-To, To], H l ) provided that g satisfies the 
right properties. □ 

Definition 2.10. Let e]0, 1[, p = § and N(r ) such that VS^™ is smaller than 5 V o)Cl , 
where C\ is the constant involved in the first inequality of proposition 12.31 and C(Tq) is the one 
involved in the proposition (12.91) . let 



Fo(T ) = {v ,V! | C{T )\MT)(vo,viW r3 j6 < e pn »} , 
G e (T ) = {v ,V! | C(To)\\U(T)(v ,vi)\\ 2 L2 6 < {-} , 
Wo) = {v ,vi I C^lltTCDn^vo.vOHii ™ < |-} , 
/*(7o) - {vo, vi | C(T )\\U(T)(l - n^XvcVi)!!^ < {-} , 



Je(T ) = Fe n G n H e n /, 



Call then 



E(To)= |J /». 
9e]0,l[ 

Remark 2.2. TTze separation between the high and low frequencies is useful there, as S N can be 
taken as small as one wants and ensures that the measure ofl c g is small enough. 

Proposition 2.11. The set E(Tq) is of full p-measure. 

Proof. The measures of the complementary of the different sets defined satisfy : 
p(F c 9 ) - //({v , V! I Ht/fTXvcvDH^ > e pl5A \) < Ce- C ™ e '" 21 

p(G c g ) <ju({vo,Vi | ||£/(r)(v ,vi)|| 4x 6 > yj^}) < Ce~ c ™ p 
p{H c g ) = a/({v ,vi | \\U{T)Yl N {v Q , Vi )\\ L ^ > ^}) < Ce-« To)p2 ' NS 



p{r e ) = p[{v ,v, | \\u(T)(i - n^Xvcvi)!!^ > -^-\) < ' c,p54Ci /o) s 



»> 54C7~I p 
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It comes : 

nVo) £ Ce~ c{To)p . 

Thus, for all 9, E(Tq) satisfies 

KE c (T ))<fi(J c g )<Ce-^ e . 
Taking the limit when 9 goes to : 

lu(E c (T Q )) = , fi(E(T )) = 1 . 

□ 

Proposition 2.12. For all (vo,vi) e E(Tq), the cubic non linear wave equation on the sphere (0) 
with initial datum Vq,v\ has a unique solution in U(T)(v{),v\) + C([—Tq, Tq],H ). 

Proof. The equation © with g = U(T)(vq, vi) = gi + gi, g\ - Il^g, g% = (1 - n^)^ is equivalent 
to (Q]) and satisfies the hypothesis of proposition ( 12.91 ) for some 9 e]0, 1[, hence it is well posed in 
C([-7o, T ],H l ). Thus, © is well-posed in U(T)(v ,vi) + C([-T , T Q ],H l ). □ 

Definition 2.13. Let be an increasing sequence of R going to +oo and let 

E = lim sup E(Tn) . 
Proposition 2.14. The set E is of full fi-measure. 
Proof. Indeed, using Fatou's lemma, 

H(E C ) = //(liminf E{T N f) < lim inf fi(E(T N f) - . 

□ 

Theorem 2.15. Let vq,vi € E, the equation on the sphere with initial datum (vo,vi) has a 
unique global solution in U(T)(v , vi) + C(R, H 1 ). 

Proof. Let T > 0. As the sequence is increasing toward oo there exists A^o such that for all 

N >No, 

T N > T No > T . 

Since E = lim sup E(T N ), for all A^i there exists N > N\ such that vo,vi € E(T N ). With 
Ni - No there exists N > Nq such that 

Tn >T and vo, vi € E{T^) . 

Hence the equation has a unique solution on U{t){vq,v\) + C([-T^, H l ) and thus in 
U{t){vq,v\) + C([-T,T], H l ). Therefore, this property holding for all time T, the equation has 
a unique solution in U(T)(vq, vi) + C(R, H l ). □ 
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3 Reduction to the sphere and almost sure solutions on the Euclidian 
space 

In this section, the problem on the Euclidian space is reduced thanks to the Penrose transform to 
the problem on the sphere. The existence of solution for the Cauchy problem with initial data on 
a suitable space is derived in this way. Note that for all the sequel cr = 0. 

3.1 Penrose transform and reduction to the sphere 

As a basis of L 2 uniformly bounded in V is required to use the techniques developed by N. Burq 
and N. Tzvetkov in (2] and according to [1], the problem needs to be reduced to the sphere. For 
that, the Penrose transform seems appropriate, since it turns the d'Alembertien of R 3 into the 
d'Alembertien of S 3 added to the identity on distributions. 

Definition 3.1 (Penrose Transform on the variables). For all t e R and r e R + , define T(t,r), 
R(t, r), R (r), Q(t, r) and Q, (r) as : 



T = Arctan (f+r)+Arctan (f-r) , R - Arctan (f+r)-Arctan (t-r) , R Q (r) = R{0, r) = 2Arctan (r) , 



2 2 
Q,(t, r) = cos T + cos/? = — and Q (r) = Q(0, r) 



V(l +0 + r) 2 )(l + (t-r) 2 ) ' ' l+r 2 
Proposition 3.2. The map 

f,r,weRxR + xS 2 ^ T(t,r),R(t,r),co 
is a bijection from R x R 3 to S = {(T,R, to) \ cos T + cos/? > 0} and its inverse is given by 

sin T sin R 

T,R,a> h-> t = , r = , co . 

cos T + cosR cos T + cos 7? 

See (Till for the proof. 

Remark 3.1. The map r,a> h-> 2Arctan (r),a> is a bijection from R 3 to S 3 deprived of one of its 
poles, Ro(r) = 2Arctan (r) e [0, n[ being the third angle describing a point in S . 

Definition 3.3 (Penrose Transform on distributions). Let / be a distribution on R x R 3 and (/o, fi) 
be a pair of distributions on R 3 . Define then v = PT(/) the distribution on S and (vq,Vi) = 
PTo(/o,/i) the pair of distributions on S 3 deprived of one of its poles such that 

sinT sin/? , 

v(T, R, oj) = /( , , w)(cos T + cos R)~ 1 

cos T + cos R cos T + cos R 



and 



/o(tan(/E/2),6>) (J? /i(tan(/?/2), cj) 

v (R,oj) = — — , vi{R,oj) - — — — 

1+cos/? (1+cos/?) 2 
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Remark 3.2. The definition of PTq may appear a little awkward but the idea hidden behind the 
notations is that f solves the cubic non linear wave equation with initial datum {gQ,g\) if an 
extension ofPT(f) solves the equation of the first section with initial datum an extension to S of 
PTo{go,g\). 

Definition 3.4. Let u be a distribution onRxS 3 and vo, vi two distributions on S 3 , the inverse 
Penrose transform is given by : 

PT _1 m(?, r, oS) - Q,(t, r)w(Arctan (t + r) + Arctan (t - r), Arctan (t + r) - Arctan (t - r), a>) , 

which depends only on the restriction of u to 5 and the inverse Penrose transform at time t = 0o 
t = Oby 

PT^V.wXvo.vi) - (Q (r)vo(2Arctan (r),oj) , , Qo(r)vi(2Arctan (r),(oj) , 
witch depends only on the restriction on S 3 deprived of one of its poles of vo, vi. 
Lemma 3.5. Ifu solves the problem 



(dj + l- A s i)u + \u\ 2 u - 
(u\t=o, 9tu\t=o) = Vo,Vi 

then the map f defined as the inverse Penrose transform of u restricted to S, that is 

f = pr\u) 



(4) 



solves the problem : 



where 



(d}-A R3 )f + \f\ 2 f = 

f\t=0 = gQ d t f\ t =o = gl 



(5) 



(go,g\) = FZ^^vo.vi) . 

Proof. The fact that the Penrose transform sends the action of d t - A R 3 on R x R 3 onto the action 
of Q. 3 (dj + 1 - A s i) on S is known and the proof can be found in Q. Thus, on S 

((8 2 - A R3 )/ + \f\ 2 f) (t, r, oj) = a\8 2 + 1 - A S3 )PT(/) + £L 3 \PT(f)\ 2 PT(f)(T(t, r),R(t, r), oi)=0. 
What is more, T = o t = 0, 

go - fit - 0) - a u{T - 0) - £l u(R (r)) 

and 

gl = d,f(t = 0) - (d t O)(t = 0)u(0,R (r)) + n d t T(t - 0)d T u + Q. d t R(t = 0)d R u 

= n (r) 2 d T u = Q. 2 Vl (R (r)) . 
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3.2 Properties of the change of variable 

In this subsection, the properties of the change of variables involved in the Penrose transform is 
studied, in particular what it implies on operators and norms. 

Definition 3.6. Let *P be the change of variable corresponding to the Penrose transform at time 
T - 0, that is to say : 

¥(v)(r, to) = v(2Arctan (r), to) . 
Proposition 3.7. This change of variable satisfies : 

• for all v, w, J v(R, co)w(R, to) sin 2 RdcodR = J »F(v)(r, o»)^(w)(r, co)r 2 (j^) dr , 

• for all v, J \v\p sin 2 RdR = / I^WI^r 2 (y^) 3 dr, 

• ^P(A S 3V) = (i^) 2 A R3 T(v) - ^r«v)- 
Proo/ The proof comes from the facts that : 

• dR = -r^dr, 

l+r 1 ' 

• sin/? = and 

• tantf - . 

l-r 2 

Hence, to do the change of variable in the integrals, one can use : 

sin 2 RdR = (— ^-r) r 2 dr . 



l+r 2 

The computation of the change of variable on the Laplace-Beltrami operator is quite similar: 

y(d R v) = (d r Ry l d r V(v) 
n^n 2 (R)d R v) = £Ld r V{v) 
x i>{d R sm 2 {R)d R v) = {d r R)- l dS¥{sm 2 Rd R v) 
y(d R sin 2 (R)d R v) = -^<V?(v) + d r (r 2 d r ^{v)) 

y(-^d R sm\R)d R v) = -hfrdWv) + (^ff 

T(A 53 v) - (^) 2 A R3 T(v) - ^r«9 r *F(v)- 



Definition 3.8. Let /o,/i be the inverse Penrose transform at time T - of (uq, u\) and g n ^,h n ^ 
the inverse Penrose transform at time T - of e„^> that is to say : 

fo - ^ UQ k a n ,kgn,k , fi - u n { k b n ,kh n ,k ■ 

n,k n,k 

Proposition 3.9. The g n ^ are the eigenfunctions ofHo - (^jf-) A R 3 +^-rd r + w/fft eigen- 

values \ - n and the h n ^ are the eigenfunctions of H\ - I— — I A R 3 +3— ^— r<3 r + 6— ^— w/fft 
eigenvalues \ - n 2 , n > \. 
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Proof. As 

_2 
1 + r 

they are the eigenfunctions of the operator Hq such that 



8n,k - ■ , ^ (e^k) 



It remains to compute Hq. 



;i+r 2 \ 2 1+r 2 3 + r 2 

H og - Ars g + —^—rd r g + - g 



As 

^ = (1772) £ ' a 
they are the eigenfunctions of H\ such that 



1 + r 2 \ 2 1+r 2 1+r 2 



H\h = \ — - — I A R 3 h + 3 — - — rd r h + 6 — - — h 



Corollary 3.10. The maps fo and f\ such that (fo, f\) = PT^^uq, u\) satisfies 

I 2 \ 3/p ~ l 
ll«ollw^(53) = II (7775) (! - ^o)' v/2 /oIIl, ( r3) 

ll«lll^(S3) - IIIY775J (1 - ^l)' S/2 /llb(R3) • 



Proof. First, do the change of variable in the //-norm 

2 



3/p 

ll»(»lllP- =i l|777I I ^((1 - A s3 ) i/2 M0 )llL. 



Then, compute *P((1 - A S 3) s/2 u ) : 



V~i s nk 1+r s nk 

/ i n Uq a n ^e n ,k - — ^ Zj " "0' a n,kgn,k 



' " " 2 - "o^'V^n,* - ^(1 - "o) s/2 /o 



^ n,k 



In the end, it comes : 
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/ 2 \ 3/p ~ l 
\\uo\\w>-p = 11(7771) (l-#o)* /2 /olb> ■ 

The second equality is proved the same way. □ 
3.3 Spaces of definition of the initial data 

Considering the results of the previous subsection, the choice of the random variable a n ^ and b n ^ 
will be made such that the initial datum uq, u\ of the equation reduced to the sphere is a Gaussian 
vector, in order to state which norms of uq and u\ and then of the initial datum of the wave equation 
on the Euclidian space are almost surely finite or infinite. 

In this subsection, suppose that a n ,k and b n ,k not only satisfy the Gaussian large deviation 
estimate, but that they are Gaussian. To ensure that the initial datum is almost surely not into some 
spaces, Fernique's theorem should be used : 

Theorem 3.11 (Fernique, 1974). Let X be a Gaussian vector with value into a Banach space B 
and N a pseudo-norm on B (a pseudo-norm has the same properties as a norm except that 00 is 
one of its possible value), then for all p > 1 if the mean value ofN(X) p is infinite, then N(X) is 
almost surely 00 ; 

E(N(X) P ) = 00 => P(N(X) = 00) = 1 . 

For the proof and furthermore, see ll6l . 

Proposition 3.12. The initial datum uq, u\ is almost surely not in H s x H for all s > 0. 

Proof. Use Fernique's theorem with B = L 2 , p = 2 and N being the H s norm and X either uq or 
u\. As 

£(ll«ollff S ) = 2>o*) V ' s ' , 

n,k 

E(\\u 1 \\l s _ l ) = Y J ^ 2n2(S ~ 1) ' 

n,k 

either one of this series diverges and uq and u\ are pseudo Gaussian vectors, it comes that almost 
surely 

llwoll//' = 00 

or almost surely 

□ 

Considering the remarks on the norms of the initial datum (/o>/i) wrt the ones of (uq, u\) in 
the previous subsection, the author believes that the initial datum fo, f\ of the cubic non linear 
wave equation belongs almost surely to L 2 x H~ l with weight ^-L_ but is almost surely not in 

H s x H*- 1 for all s > 0. 

Nevertheless, the proof would require the equivalence between the norms 
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- HoY' and 



II 



1 + r 2 



2 



l/2-i 



(1 - A R 3) J/2 .|| L2(R3) 



in the one hand and 



( 



2 



) 



1/2 




-1/2-s 



II 



1 +r 2 



(1 



tfir-llLW) and 



II 



(1 - A R3 ) S/2 .|| L2(R3) 



on the other hand. 

Definition 3.13. Let < H Q S (R 3 ) and ^(R 3 ) be the topological spaces defined by the norms 



Proposition 3.14. The set F = PT^{E) is almost surely included in x 'Fi~ l and almost surely 
disjoint from X for all s > 0. 

Setting fo,f\ - PT^ l (uo, u\), the random variable which is used as initial datum of the cubic 
NUN on R 3 and v the image measure of /u under PTq, the set F satisfies v(F c ) = 0, which means 
that there exists v almost surely a solution of the cubic NLW. 

4 Uniqueness of the solution and scattering 

In this section, the uniqueness of the solution, alongside with some scattering properties is proved. 
4.1 Uniqueness 

Theorem 4.1. LetgQ,g\ ePT^ l (E). The Cauchy problem 



has a unique solution in L(t)(go, gi) + C(R, //^(R 3 )) where L(t) is the flow of d 2 t - A = 0. 

Proof. Let vq,v\ € E such that (go.gi) is the inverse Penrose transform of vo,vi, let u be the 
solution of the equation on the sphere with initial datum vo, vi. Let / be the Penrose transform of 
u restricted to S , this map / satisfies the Cauchy problem with initial datum go,gi, which gives 
the existence of the solution. Prove now that this solution is unique. 

Lemma 4.2. It appears that : 




and 





P7 w [/(r)(v ,vi) = (L(0(go,gi))- 
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Proof. The map w = U(T)(vq, v\) satisfies 

d\w + (1 - A S 3)w - 
with initial datum vo, vi. Hence its inverse Penrose transform h satisfies 

d]h - A R3 h = Q?^(d 2 T h + (1 - A s i)h) = 
with initial datum go,g\, that is, h - L(t)(go,gi). □ 

Then, let g - f - L(00>o> gi)> g is the reverse Penrose transform of v = u - U(T)(vq, v\) and is 
the solution of 

d 2 g-Ag + (L(t)( go ,g l ) + g) 3 =0 
with initial datum 0, 0, hence it is a fixed point of 



C' sir 
Jo 

Lemma 4.3. Let w e L q ([-n, n] X S 3 ), q > 4 and h its reverse Penrose transform, then 



M= I Sin( ^- S) \ L(t ){ g Q ,g l) + g )d s 



-7T,7T]XS- 



Proof. Computing the change of variable (T, R) = (Arctan (t + r) + Arctan (t - r), Arctan (t + r) ■ 
Arctan (t - r)) leads to: 

\ \h(t,r,co)\ q r 2 drdtdoj = \ \Q.w(R, T, aj)\ q Q~ 4 sin 2 RdRdTdaj . 
Jrxr 3 Jn>o 

With q > 4 and £1 - cos T + cos R being bounded by 2, 

PIIl«(rxr 3 ) < C\\w\\ L 9 . 

Therefore, L(f)0>o> gi), g and so / belong to L 6 (R x R 3 ). Indeed, 
l|£«(go,gi)lb(RxR3) < C||£7(T)(vo,vi)|| L 6 

/ r-n \l/6 

<clj (l + r 53 ) 6 ! ||(i + r <53 )- 1 f/(r)(v ,v 1 )|| L 3 ;i6(S 3 ) <cx,, 

llglb < C||v|| L 6 < C{2n) ll6 \\v\\ L7 ^ < C||v|| L ~ ffl < oo . 
Lemma 4.4. TTie map g te/ongs to C(R, //^R 3 )) <9,g e C(R, L 2 (R 3 )). 
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Proof. The map g satisfies 



f r sin(r - s) V— A 
g = - \ ' (L(s)(g Q ,gi)+g) 3 ds 

Jo V^Z 



A 



Hence, 



d,g = - f cos((t- s)^/^A)(L(s)(g , gl ) + g) 3 ds , 
Jo 

\\dtg\\i2(B?) ^ f \\L(s)(go,gi) + g\\l HR3) £ VWH^X^o^i) + 5lli6 (RxR3) 



ll^llt»([0,fl,L2(R3)) ^ J\t\\\L(s)(go, gl) + g\\ 



3 

L 6 (RxR 3 ) 



Therefore, as initially, g(j - 0) = 0, g belongs to C(R, L 2 ). 
Besides, 



Hence, 



WgWtf < f \\L(s)(go,gi) + g\\l HR3) ■ 



\\g\y < y/\t\\\L(s)(go,gi) + g\\ 3 LHRxR3) 



Therefore, g belongs to C([0, t\, H l (R J )). □ 

Prove now the uniqueness of the solution in L(t)(go, gi) + C([0, t], H l (R 3 )). Let fz, f$ be two 
solutions of the cubic wave equation with initial datum go, g\, let h - fi - fy. The map h satisfies : 

d]h -Ah + f\ - fl = . 
Remark that h is in H x and d,h is in L . Let 

H(tf = J (d t h) 2 + J h(\-A)h. 
2H'(t)H(t) = -2 J (d t h) (-h + f\ - fl) = -2 j (d t h) (-h + Kfl + hh + fl) 

H\t) < cmy + c\\h\y (\\f 2 \\ 2 L6 + u/ 3 uy 

As H(0) = and 

J^(H/2IIl« + H/slltf) ^ l*l 2/3 (ll/2ll£ 6 + ll/sll'J , 
by Gronwall lemma, H(t) - for all time t, which proves the uniqueness. □ 
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4.2 Scattering property 

Finally, with those particular initial data for the wave equation, it satisfies a scattering property. 
More precisely, when t goes to ±00 the solution tends to behave like the solution of the linearized 
around solution of the equation with same initial datum. This property does not result from 
a scattering property of the wave equation on the sphere. Indeed, it is the fact that the Penrose 
transform divides the solution by something that behaves like 4 that ensures scattering. 

Theorem 4.5. Let q 6], (go, gi) £ PT^ l (E), f(t) the solution of the cubic wave equation with 
initial datum go,gi- 

There exists a constant C depending on the initial datum such that 

\\f(i)-L(t)(g ,gi)\\ Lq < C 



(1 + t 2 ) 1 ' 6 ' 

Proof. Let vo, vi € E such that (go, gi) = PTq (vo, Vi) and u the solution of (0Q> with initial datum 
vo.vi. 

The map u satisfies : 

u(T)~ U(T)(vq,v{) = - {u 3 (T))dT . 

Jo VI -A 

Taking the inverse of the Penrose transform of this equality leads to : 



f(t)-L(t)(g Q ,g 1 ) = -a(t,r) 



' rT(t,r) 

Jo 



;in(r-r)VT^) 3 

(W (T))flT 



A 



(R(t,r)). 



11/(0 - imioMfo < H 2Q2/3(1+ ^ + r2)1/ 6 ^ 



rT(t,r) 

Jo 



sin 



(T - t) VT^a) 



VI - A 



(u\T))dr \(R(t,r))2n 2/ \l +t 2 + r 2 ) l/ % 6 



withi = i + i(?< 6). 
Let 



n 

LP 



2Q 2 / 3 (1 +f 2 + r 2 )!/6 



and 



B = II (£™ SHT ^F^ iAr)^ (R(t, r))2Q 2 '\l + ; 2 + r 2 ) 1 ^ 
Apply the change of variable /? = Arctan (t + r) - Arctan (t - r) it is fixed) in B. 



dR = Q 2 2(l + ? 2 + r 2 )dr 



sin 2 RdR = H 4 2(l + t 2 + r 2 )r 2 dr 
f W) sin(r - r) VI - A) - 

JO Vl - A 
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r n sin(r - t) Vl - A) , 

5 = 11 lr<T(t,R) - '-{u\T))dT\\ L6 

J-n Vl - A 



vr 

B < r|| Sin(r-r)Vr^) (uJ(r))|| ^ T 

J-w Vl - A 



re[-?r,?r]' 



To bound A remark that Q < ==== . 



As q > f , 



" 29 >3 



3 6 — q 

which ensures that O € L p ^ and bounded uniformly in t. 
Finally, 

- L(t)(g ,gi)\\ L o <AB< 



(1 + f 2 ) 1 / 6 
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